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MAT 112B Midterm Exam Review

We are very glad you've joined us! We’'ll discuss how to use “student learning outcomes” to help you study, then work through any
problems you have questions over in the packet provided. If you let us know how we did via an email survey (sent out in 1-2 days), you’ll
be automatically entered to win a prize, to be announced via your EKU.edu email account.

Dr. Lisa Blue (she/her/hers)

Associate Director, Center for STEM Excellence

lisa.blue@eku.edu

What are Student Learning Outcomes?

Student learning outcomes state what a student is expected to know or be able to do after completing a section of material. Learning
outcomes range from simple, concrete tasks, such as remembering facts, defining terms, or recognizing a concept, listed at the bottom
of the taxonomy, all the way to the complex, abstract tasks of creating new or original work, based on knowledge gained from the
learning activity.

Most textbooks, including yours, list the learning outcomes to help guide your studies! To use the learning outcomes to your advantage,
take each one and turn them into questions, asking yourself:

1. Do Irecognize all the terms in the question? Bluom,s Taxmlﬂmv

2. Do I understand what the question is asking

me to do? ate Produce new or original work
3. Can I find examples of questions that match B 7O S FORS S, AT F A NG MR
this learning outcome? Justify a stand or decision
4. Can I answer the question? evaluate appraise, argue, defend, judge, select, support, value, critique, weigh
5. Do I know how to check my work? y %, Draw connections among ideas

differentiate, organize, relate, compare, contrast, distinguish, examine,

& ®
y analyze \{’\‘:-\.‘ experiment, question, test

If you answer “no” to any of these questions, you &7 kS
know where to focus your efforts!

Use information in new situations

execute, implement, solve, use, demonstrate, interpret, operate,
schedule, sketch

Explain ideas or concepts
{ { classify, describe, discuss, explain, identify, locate, e
understand el e e 0, focete, recoghe,

Recall facts and basic concepts
define, dupiicate, list, memorize, repeat, state

Screenshots of questions, images, and text on the
following pages are from College Algebra in
Context, 6t edition, by R.J. Harshbarger and L.S.
Yocco; Hoboken, NJ: Pearson (2021) (S Vanderbit University Center for Teaching
https://cft.vanderbilt.edu/guides-sub-pages/blooms-taxonomy/#2001



https://cft.vanderbilt.edu/guides-sub-pages/blooms-taxonomy/#2001

Chapter 4: Additional Topics with Functions

Chapter 4 Algebra Toolbox

Learning Outcomes and Notes Examples
Identify the domain and range of a given type of function.
IDENTITY FUNCTION CONSTANT FUNCTION
Domain: (—00, 00) ? Domain: (—00, 00)
Range: (—00, 00) Roma Range: {c}, where c is
f a constant
* Increases on its domain * Graph is a horizontal line.
ABSOLUTE VALUE FUNCTION GREATEST INTEGER FUNCTION ; ; - :
y Domain: (=00, 00) y 1. The domain of the reciprocal function is
5 fi) =1xl # Range: [0, 00) 41 =l e=o 2 :
: : s , and its range is
3 2 — ) 7 .
2 1} o 2. The domain of the constant function g (x) = k is
—5-4-3 -2- CZREs . -
5432-1| 12345 ° __i" Do [=c0r 0a] ,and its range is __.
=2 —o -3 Range: {x|xis an integer } = - . 2
- — 4 (-2-10123...) 5. The range of the squaring function is
2 —0 %
« Decreases on (—00,0), increases on (0,00) + f(x) = [x] isaspecial step function. 6. The domain of the Squaring function 1s
POWER FUNCTION, n EVEN POWER FUNCTION, »n ODD
'l j fix) = ax”,
nodd
S = ax”,
neven
» Decreases on (—09,0), increases on (0,00) fora > 0 * Increases on (—00,00) fora > 0
* Increases on (—©0,0), decreases on (0,00) fora < 0 * Decreases on (—00,00) fora < 0




ROOT FUNCTION, n EVEN
y
Jux) = Vi
fo= \J/:

- W

fix) = \'}:/‘

Domain: [0, 0c)

=2 =1 I 23 & 5 6

« Increases on its domain

ROOT FUNCTION, » ODD

y

2

1

3
f) = Vx
fix) = \‘/1 \

fix) = Vx

. s = I

-2

x

Domain: (—00, 00)
Range: (—00, 00)

« Increases on its domain

RECIPROCAL FUNCTION

3

Domain: (—00,0) U (0, o)
Range: (—00,0) U (0, o)

* Decreases on (—o0, 0) and (0, )

Determine over what intervals a function is increasing or

decreasing.

3. The reciprocal function decreases on

4. The absolute value function increases on the interval
and decreases on

Determine if a function is increasing or decreasing over given

intervals.

In Exercises 7-12, determine whether the function is
increasing or decreasing on the given interval.

7. g(x) = % (—o00,00) 8. h(x)= \V: [0, o0)
9. f(x) =5 — 0.8x; (—00, 0)

10. f(x) = -Tl; (=00,0)

11. g(x) = —2x*3; (0, )

12. h(x) = 3x'/%; [0, 00)




Linear Functions

y=mx+b

Yat

nrtr

y

A

3

Py(xy, )~

P:(.l"_v. )

Yy — ¥ = rise
=

X = .(l= un

X X

« m is the slope of the line, b is the
y-intercept:

Y2 =0

m =
X — X

* The function is increasing if m > 0.

* The function is decreasing if m < 0.

Identify a function from its equation and graph it.

Quadratic Functions

y ) ’
A fix)=axr + bx + cwitha >0

I Axis of
| symmetry

1
\é Vertex

)

—b

fix)y= ac + by + ewitha < 0
Vertex

(30132

)

—b
* Vertex is at the point (E, f(—

Identify the type of each of the following functions from
its equation. Then graph the function.

13. f(x) =2 4. f(x) = Vi

15. f(x) = 8Vx 16. f(x) = Tf




Piecewise-Defined Functions

i -2 +5ifx<|
[ fi) =
f {B.r—4 x4

Determine if a given graph represents a function.

17.

21. Pw)
A
100
80
60
P——
2
0 05 10 15 20 25 30 35 40

22.




4.1 Transformation of Graphs and Symmetry

Learning Outcomes and Notes Examples

Graph related functions and describe the transformations used to

obtain one from another. In Exercises 1-16, (a) sketch the graph of each pair of

functions using a standard window, and (b) describe the
transformations used to obtain the graph of the second
function from the first function.

¥ y=alx — hy + k

Ly=xy=x+5
(h, k)

r=x+3

BN, =y
y=x3y= (x+2)3
y= \3/.;._|'= \3/\'+—2—l

y=xy=(x-5)-3

Il
-
3
<
|

-
I

53
L

."

h
Figure 4.4
Vertical Shifts of Graphs

y=|x,y=|x=2| +1

y=lly=|x+3] -4

Y
-
o B R I B T ol o

If k is a positive real number: s
The graph of g(x) = f(x) + k can be obtained by shifting the graph of 10. vy = Vx.v=-Vx -2
f(x) upward k units.

The graph of g(x) = f(x) — k can be obtained by shifting the graph of '3 .k 3
f(x) downward £ units. o ety D

Horizontal Shifts of Graphs " I .

If & is a positive real number: R A T
The graph of g(x) = f(x — h) can be obtained by shifting the graph of
/f(x) to the right A units. 13. f(x) = x2. g(x) = = 2

The graph of g(x) = f(x + &) can be obtained by shifting the graph of
f(x) to the left & units.




Stretching and Compressing Graphs

The graph of y = af (x) is obtained by vertically stretching the graph of f(x)
using a factor of |a| if |a| > 1 and vertically compressing the graph of f'(x) using
a factor of |a| if 0 < |a| < 1.

Reflections of Graphs Across the Coordinate Axes

1. The graph of y = —f(x) can be obtained by reflecting the graph of y = f(x)
across the x-axis.

2. The graph of y = f(—x) can be obtained by reflecting the graph of y = f(x)
across the y-axis.

Graph Transformations
For a given function y = f(x),

Vertical Shift ¥y =f(x) + k  Graph is shifted & units up if kK > 0 and
k units down if £ < 0.

Horizontal Shift y=f(x—h) Graph is shifted /4 units right if # > 0
and / units left if 2 < 0.

Stretch/Compress  y = a f(x) Graph is vertically stretched using a fac-
tor of |a| if |a| > 1.
Graph is compressed using a factor of
|la| if |a| < 1.

Reflection y=—f(x) Graph is reflected across the x-axis.

y=f(—x) Graph is reflected across the y-axis.

Symmetry with Respect to the y-axis

The graph of y = f(x) is symmetric with respect to the y-axis if, for every point
(x,y) on the graph, the point (—x, y) is also on the graph—that is,

f(==x) =f(x)
for all x in the domain of f. Such a function is called an even function.
Symmetry with Respect to the Origin

The graph of y = f(x) is symmetric with respect to the origin if, for every point
(x, ) on the graph, the point (—x, —y) is also on the graph—that is,

f(=x) = =f(x)

for all x in the domain of f. Such a function is called an odd function.

14.
I5.
16.
17.

19.

20.

21.

22.

23.

24.

f(x) =2 g(x) = 04x°
f(x) = |x],g(x) = 3|«|
f(x) = Vx,g(x) = 4Vx

How is the graph of y = (x — 2)? + 3 transformed
from the graph of y = x??

How is the graph of y = (x + 4)* — 2 transformed
from the graph of y = x*?

Suppose the graph of y = x*/? is shifted to the left 4
units. What is the equation that gives the new
graph?

Suppose the graph of y = x*? is shifted down 5 units
and to the right 4 units. What is the equation that
gives the new graph?

Suppose the graph of y = x*/2 is stretched by a fac-
tor of 3 and then shifted up 5 units. What is the equa-
tion that gives the new graph?

Suppose the graph of y = x** is compressed by a

1
factor of 35 and then shifted right 6 units. What is the

equation that gives the new graph?

Suppose the graph of f(x) = Vx is shifted up
3 units and to the left 6 units. What is the equation of
the new graph? Verify the result graphically.

Suppose the graph of f(x) = x? is shifted up 2 units
and to the right 5 units. What is the equation of the
new graph? Verify the result graphically.




. - . l
Symmetry with Respect to the x-axis 25. Suppose the graph of f(x) = — is stretched verti-
The graph of an equation is symmetric with respect to the x-axis if, for every point X
(x,y) on the graph, the point (x, —y) is also on the graph. cally by a factor of 4 and then shifted down 3 units.
What is the equation of the new graph? Verify the
result graphically.

Identify transformations from equations and write equations from | 26, Suppose the graph of f(x) = x* is compressed ver-

given transformations. |
tically using a factor of 3 and then shifted to the left

5 units. What is the equation of the new graph?
Verify the result graphically.

27. Suppose the graph of f(x) = Vx is reflected across
the x-axis and shifted up 2 units. What is the equation
of the new graph? Verify the result graphically.

28. Suppose the graph of f(x) = Vx is reflected across
the x-axis and shifted to the right 1 unit. What is the
equation of the new graph? Verify the result
graphically.

Write an equation of a transformed function from its graph. In Exercises 29-32, write the equation of the function
g(x) that is transformed from the given function f(x)
and whose graph is shown.

29. f(x) = x°




30. f(x) =5

3. f(x) = |x

|
[
|
>
|
) :
| [ttt
=) i :
I B
(%] \ -
-
y

32. f(x) = x°

10




Determine symmetry visually. In Exercises 33-36, determine visually whether each of
the graphs is symmetric about the x-axis, the y-axis, or
neither. If the graph represents a function, determine
whether the function is even, odd, or neither.

33. v

34.

36. ¥

35. y

11




Determine symmetry using a table of ordered pairs.

In Exercises 37 and 38, determine whether the graph of
the equation in Y, is symmetric about the y-axis, based on
the ordered pairs shown in each pair of tables.

37.
NORMAL FLOAT AUTD REAL RADIAN HP N NORMAL FLOAT AUTO REAL RADIAN P N
X Y31 X Y1
) [] [ [
1 2 - | 2
2 3 2 ]
3 18 “3 18
. < |35
50
[——] |
A= K=

NORMAL FLOAT AUTO REAL RADIAN HP

n

NORHAL FLOAT AUTO REAL RADIAN HP
X 1

_—_-Ew,,®
~ : w
w

12




Determine symmetry algebraically.

In Exercises 39-46, determine algebraically whether the
graph of the given equation is symmetric with respect to the
x-axis, the y-axis, and/or the origin. Confirm graphically.

39. y=2*-3

40. y=—x’+4

41. y=x —x
42. y = —x’ + 5x
6 2
43. y = — 44. x = 3y
X
45. x* + y* =25 46. x2 — y? =25

Determine whether functions are even, odd, or neither.

In Exercises 47-52, determine whether the function is
even, odd, or neither.

47. f(x) = |x| =5
48. f(x) = |x - 2|

49. g(x) = Vx* +3
50. f(x) =

.\'3 - X

51. g(x)

52. g(x) =4x + x*

13




Determine whether each of the complete graphs in
Exercises 53 and 54 represents a function that is even,
odd, or neither.

53. y

54. y

55. Graph (y + 1)? = x + 4. Does this graph have any
type of symmetry?

56. About what line is the function y = 3 £ Vx — 2
symmetric?

14




Solve applications involving transformations of graphs.

57. Medical Marijuana Revenue Using data from 2016

and projected to 2025, the U.S. medical marijuana
revenue, in billions of dollars, can be modeled by the
function

M(x) = 0.037(x — 6)% + 0.652(x — 6) + 4.537

where x 1s the number of years after 2010.
(Source: thecannabist.co)

a. The graph of this function is a shifted graph of
which basic function?

b. Find and interpret M (24).

¢. Graph y = M(x) for x representing the years
2016 through 2025.

Answer questions involving transformation of functions.

59. Supply and Demand The price per unit of a product

is $p, and the number of units of the product is

denoted by ¢. The supply function for a product is

_ 180 + ¢
given by p = = ° and the demand for the

30,000

product is given by p = 20.
a. Is the supply function a linear function or a shifted
reciprocal function?

b. Is the demand function a shifted linear function or
a shifted reciprocal function? Describe the trans-
formations needed to obtain the specific function
from the basic function.

15




61. Average Cost The monthly average cost of produc-

62.

id 30,000
ing x sofas is C(x) = = + 150 dollars.

a. Will the average cost function decrease or increase
as the number of units produced increases?

b. What transformations of the graph of the recipro-
cal function give the graph of this function?

Pollution The daily cost C (in dollars) of removing
pollution from the smokestack of a coal-fired electric
power plant is related to the percent of pollution p
being removed according to the equation

C= 10,500
100 — p
a. Describe the transformations needed to obtain this

function from the function C = ,l’

b. Graph the function for 0 = p < 100.

¢. What is the daily cost of removing 80% of the
pollution?

16




4.2 Combining Functions; Composite Functions

Learning Outcomes and Notes

Examples

their equations.

Operation Formula

Find the sum, difference, product, and quotient of functions from

Example with

f(x) = Vxandg(x) = x°

et (D)iay <L)
Quotient (;:)(x)_g(x)

Sum (f +g)(x) =/(x) + g(x) (f+g)(x) = Vx+x
Difference (f — g)(x) = f(x) — g(x) (f-8)(x) = Vx—x
Product  (f-g)(x) =f(x)-g(x) (f+g)(x) = Va-x* = Vx

L

@@ #0) (H)w=% wro

In Exercises 1-8, find the following: (a) (f + g)(x),
) (f —g)(x). () (f-g)(x), @ (g)(-r). and (e) the

domain of —.
g

5.

10.

L. f(x) =3x—5g(x) =4 —x
2. f(x) =2x-3;g(x) =5-x
3.

4. f(x) =2%-x;g(x) =2 + 1

f(x)=x*-2g(x) =1+x

f(x) = pgx) =
) = g0 = ¢

f(x) = Vx;g(x) =1 —x?

. f(x) =x%g(x) =Vx+3

. If f(x) = x* = 5xand g(x) = 6 — x°, evaluate

a. (f+g)(2) b. (g —-/)(-1)
% £
¢ (f-g)(-2) d. (f)(3)

If f(x) =4 — x*and g (x) = x* + x, evaluate

a. (f+g)(1) b. (f—g)(-2)
& g
c. (f-g)(-3) d. (./)(2)

17




Find the composition of functions from their equations.

Composite Function
The composite function f of g is denoted by f° g and defined by

(f2)(x) =f(g(x))

The domain of f© g is the subset of the domain of g for which f° g is defined.

The composite function g ° f is defined by (g f) (x) = g (f(x)).
The domain of g < f is the subset of the domain of f for which g f is defined.

In Exercises 11-20, find (a) (f°g)(x)and (b) (gof)(x).
1. f(x) =2x— 6;g(x) =3x— 1
12. f(x) =3x—2;g(x) =2x — 2

| 89

13. f(x) = x%g(x) = : 14. f(x) =x;g(x) =

X >
15. f(x) =Vx—-Ligkx)=2x-17

16. f(x) =V3-xg(x) =x-5

17. f(x) = |x — 3];g(x) = 4

18. f(x) = |4 —x|:g(x) = 2x + 1

7. | 2x — 1
19. f(x) = T g(x) = 5

20. f(x)=Vx+ lLigx)=x*+1

In Exercises 21 and 22, use f(x) and g(x) to evaluate
each expression.

-

21 f(x) = 25g(x) = T3

a (f°g)(2) b. (g°f)(-2)
22. f(x)=(x—1)%g(x) =3x-1

a. (fog)(2) b. (g°f)(-2)

18




Find compositions, sums, and quotients of functions from their
graphs.

In Exercises 23 and 24, use the following graphs of f and
g to evaluate the functions.

v

23. a. (f +g)(2) b. (feg)(—1)
i .
. (g)m d (fg)(1)
e. (g°/)(=2)
24. a. (g—/f)(-2) b. (fcg)(3)
i (g)m) & (fo8)(~2)
e. (g°/)(2)

19




Solve applications involving function operations and composite
functions.

25. Profit Suppose that the total weekly cost for the pro-

duction and sale of x bicycles is C(x) = 23x + 3420
dollars and that the total revenue is given by
R(x) = 89x dollars, where x is the number of
bicycles.

a. Write the equation of the function that models the
weekly profit from the production and sale of x
bicycles.

b. What is the profit on the production and sale of
150 bicycles?

¢. Write the function that gives the average profit per
bicycle.

d. What is the average profit per bicycle if 150 are
produced and sold?

. Revenue and Cost The total monthly revenue function

for Easy-Ride golf carts is given by R = 26,600x dol-
lars, and the total monthly cost function for the carts is
C = 200,000 + 4600x + 2x dollars, where x is the
number of golf carts that are produced and sold.

a. Which function is quadratic, and which is linear?

b. Form the profit function for the golf carts from
these two functions.

c. Is the profit function a linear function, a quadratic
function, or neither of these?

Answer interactive figure questions involving the sum and
difference of two functions.

32. Cost-Benefit Suppose that for a certain city the cost

C of obtaining drinking water that contains p% impu-
rities (by volume) is given by

120,000

1200

20




52.

a. This function can be considered as the difference of
what two functions?

b. What is the cost of drinking water that is 80% impure?

Wind Chill If the air temperature is 25°F, the wind
chill temperature C is given by C = 59914 —
2.35s — 20.14 Vs, where s is the wind speed in miles
per hour.

a. State two functions whose difference gives this
function.

b. Graph this function for3 = 5 = 12.

¢. Is the function increasing or decreasing on this
domain?

Answer questions involving the product/quotient of two functions.

31. Average Cost If the monthly total cost of producing

27-inch television sets is given by C(x) = 50,000 +
105x, where x is the number of sets produced per
month, then the average cost per set is given by

- 0,000 + 105:
C(x) = 5 Sx

x
a. Explain how C(x) and another function can be
combined to obtain the average cost function.

b. What is the average cost per set if 3000 sets are
produced?

21




4.3 One-to-One and Inverse Functions

Learning Outcomes and Notes

Examples

Determine whether a function defined by a relation has an inverse
and, if so, find the inverse.

Inverse Functions

Functions f and g for which f(g(x)) = x for all x in the domain of g and
g(f(x)) = x for all x in the domain of f are called inverse functions. In this
case, we denote gby f ', read as “ f inverse.”

In Exercises | and 2, determine if the function f defined
by the arrow diagram has an inverse. If it does, create an
arrow diagram that defines the inverse. If it does not,
explain why not.

Domain Range Domain Range

In Exercises 3 and 4, determine whether the function f
defined by the set of ordered pairs has an inverse. If it
does, find the inverse.

3. {(5,2),(4,1),(3,7),(6,2)}
4. {(2,8),(3,9),(4,10), (5 11)}

Determine whether two functions are inverses.

5. If f(x) =3xand g(x) = %
a. Whatare f(g(x))and g(f(x))?

b. Are f(x) and g(x) inverse functions?

X1
6. If /(x) = 4x — landg(x) = — I

a. What are f(g(x))and g(f(x))?
b. Are f(x) and g(x) inverse functions?

7. If f(x) =x* + 1and g(x) = Vx — 1, are f(x)
and g (x) inverse functions?

8. If f(x) = (x—2)* and g(x) = Vx + 2, are

f(x) and g(x) inverse functions?
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Evaluate functions and their inverse.
f -1
Domain Range Domain Range

1
4
10 5
14 7

Figure 4.32

9. For the function f defined by f(x) = 3x — 4, com-
plete the tables below for f/ and /.

x f(x) x | f7(x)
-1 -7 -7 -1
0 —4
1| -1
2 2
3 - |

10. For the function g defined by g(x) = 2x* — 1, com-
plete the tables below for g and g™'.

x g(x) x g '(x)
-2 -17 —-17 -2
-1 | =3

0 -1

1 1

2 15

Determine whether a function is one-to-one.

One-to-One Function

A function / is a one-to-one function if each output of the function corresponds
to exactly one input in the domain of the function. This means there is a one-
to-one correspondence between the elements of the domain and the elements of

the range.

In Exercises 11-14, determine whether the function is
one-to-one.

1. {(1,5), (2,6),(3,7), (4,5)}
12. {(2,-4), (5,-8), (8,—12), (11,-16) }

13. f(x) = (x—3)" 14 f(x) =%
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Horizontal Line Test
A function is one-to-one if no horizontal line can intersect the graph of the function
in more than one point.

In Exercises 17 and 18, determine whether the function is
ane-to-one.

17. vy = =2 18. y = Vx+3

In Exercises 15 and 16, determine whether each graph is
the graph of a one-to-one function.

15. y

16. y
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Find the inverse of a function.

Inverse Functions

The functions / and g are inverse functions if, whenever the pair (a, b) satisfies
¥ = f(x), the pair (b, a) satisfies y = g (x). Note that when this happens,

f(g(x)) =x and g(f(x)) =x
for all x in the domain of g and / respectively. The domain of the function f is the
range of its inverse g, and the domain of g is the range of /.

Finding the Inverse of a Function

To find the inverse of the function f that is defined by the equation y = f(x):
1. Rewrite the equation, replacing /(x) with y.
2. Interchange x and y in the equation defining the function.

3. Solve the new equation for y. If this equation cannot be solved uniquely for y,
the original function has no inverse function.

4. Replace y with /' (x).

19.

20.

21.

22.
23.

a. Write the inverse of f(x) = 3x — 4.

b. Do the values for /! in the table of Exercise 9 fit
the equation for /1?7

a. Write the inverse of g (x) = 2x°—1.

b. Do the values for g~ in the table of Exercise 10
fit the equation for g~'?

If function 4 has an inverse and 4~' (—2) = 3, find
h(3).

Find the inverse of f(x)

Find the inverse of g(x) = 4x + 1.

Find inverse functions on limited domains.

24.

25.
28.

29.

Find the inverse of f(x) = 4x’ forx = 0.

Find the inverse of g(x) = x> — 3 forx = 0.
f(x) = (x—2)? and g(x) = Vx +2 are
inverse functions for what values of x?

Is the function f(x) = 2x* + 1 a one-to-one func-
tion? Does it have an inverse?

Graph inverse functions.

Graphs of Inverse Functions

The graphs of a function and its inverse are symmetric with respect to the line
y=x

26.

27.

Graph g(x) = Vxand its inverse g~ (x) forx = 0
on the same axes.

Graph g(x) = Vx and its inverse g ' (x) on the
same axes.
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30. Sketch the graph of y = f ™' (x) on the axes with the
graph of y = f(x), shown below.

Solve applications involving one-to-one and inverse functions.

32. Shoe Sizes If x is the size of a man’s shoe in Britain,
thend(x) = x + 0.5 is its size in the United States.

a. Find the inverse of the function.

b. Use the inverse function to find the British size of

1
a shoe if it is U.S. size 8—2-.

(Source: Kuru International Exchange Association)

33. Shoe Sizes If x is the size of a man’s shoe in the
United States, then 1(x) = x + 34.5 is its Continen-
tal size.

a. Find a function that will convert Continental shoe
size to U.S. shoe size.

b. Use the inverse function to find the U.S. size if the

Continental size of a shoe is 43.
(Source: Kuru Intemational Exchange Association)
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34.

Investments If x dollars are invested at 10% for
6 years, the future value of the investment is given by
S(x) = x + 0.6x.

a. Find the inverse of this function.

b. What do the outputs of the inverse function
represent?

¢. Use this function to find the amount of money that
must be invested for 6 years at 10% to have a
future value of $24,000.

Answer questions involving inverse function graphs.

38.

52.

Body-Heat Loss The model for body-heat loss depends
on the coefficient of convection K = f(x), which
depends on wind speed x according to the equation

f(x) =4Viax + 1.

a. What are the domain and range of this function
without regard to the context of this application?

b. Find the inverse of this function.

¢. What are the domain and range of the inverse
function?

Path of a Ball If a ball is thrown into the air at a

velocity of 96 feet per second from a building that is

256 feet high, the height of the ball after x seconds is

f(x) = 256 + 96x — 16x7 feet.

a. For how many seconds will the ball be in the air?

b. Is this function a one-to-one function over this
time interval?

¢. Give an interval over which the function is one-to-
one.

d. Find the inverse of the function over the interval
0 = x = 3. What does it give?
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Chapter 5: Exponential and Logarithmic Functions

Chapter 5 Algebra Toolbox

Learning Outcomes and Notes

Examples

Simplify expressions involving integer exponents.

For real numbers @ and b and integers m and n,

I.a"-a" = a"'* (Product Property)
a”
2. i a"a#0 (Quotient Property)

For real numbers ¢ and b and integers m and n,
3. (ab)™ = a"b"™ (Power of a Product Property)

"oa"
4. (%) = o forb # 0 (Power of a Quotient Property)

5. (@")" = d™ (Power of a Power Property)

|
6.a ™= ;, fora # 0

In Exercises 1 and 2, use the properties of exponents to

simplify.
12 3\
v ¢. (4ay)? d. :)

f.. (29"}

In Exercises 3—18, use the properties of exponents to sim-
plifv the expressions and remove all zero and negative
exponents. Assume that all variables are nonzero.

3. 105 4. 4% I
S x =27 6. y3.y3 e
7 ((_-(i) 3 8 (X—Z)-‘
-4 -6
a b
9 F 10. F

Simplify expressions involving rational exponents.

12. (y7) (V)
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13. (3a7°b*) (2a°b7H) 14. (4a7*b*) (—2a*b7°)

2% )“2 ( 3y )'3
15. | — 16. | —
( & 2y

2 804b— 3 36'1.5},-2
—4a%b™2 " —6xSy
In Exercises 19-24, multiply or divide, as indicated, and

simplify the result, assuming the expressions are real and
the variables represent nonnegative real numbers.

19. V3-V27 20. \2a-Véa
21. \/8\\_1«'3 z* \/4.1'1_\'2: 22. V 2xy V 4x’y

3 3
16a:
32 24 X

Va " Vaax .

[

17.

23.

Simplify radical expressions.

In Exercises 25-29, combine the radicals, if possible.

25. 2Vx + 5Vx

26. 5Vab — 2V ab

27. 3V8 + 2\V2

28. 327 + 6V3 - V12
29. 4V + Var'y
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In Exercises 45-54, use the properties of exponents to

simplify the expressions. Assume that all variables are
RORZEero.

45. J:,I,I"f _xifl‘a 46. 1,3,-"5 . .l_.ll.lr-i
47. {Clﬁ ] 52 48. (IJ-,.I'E } /4
_r_'!-l.-’-I JJEI.I"H

49, R 50. A

1/3\3
51. (2.*;« )
67

9. 23 2372
52. ( - )
16y°/6

53. {.‘(41".9_112;"'3:_ |,'"3) 2

—&% 12 \4/3
>4 ( 27:3;: )

Rationalize denominators.

In Exercises 30-34, rationalize the denominator and
simplify.

V3

2
3P, s 31 =X 2
V10 V3
32, = et
" V2 "34+V7
34. .
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Convert numbers in standard notation to scientific notation and
vice versa.

In Exercises 35-38, write the numbers in scientific
notation.

35. 46,000,000 36. 862,000,000,000

37. 0.000094 38. 0.00000278

In Exercises 39-42, write the numbers in standard form.
39. 4372 X 10° 40. 791 X 10°

41. 5.6294 x 1074 42. 6.3478 X 1073

Simplify expressions involving scientific notation.

In Exercises 43 and 44, multiply or divide, as indicated,
and write the result in scientific notation.

43. (6.250 x 107)(5.933 x 107?)

2961 X 1072
4583 X 1074

5.1 Exponential Functions

Learning Outcomes and Notes

Examples

Identify exponential functions and distinguish between exponential
growth and decay.

Exponential Function

If b is a positive real number, b # 1, then the function f(x) = b"is an exponential
function. The constant b is called the base of the function, and the variable x is the
exponent.

1. Which of the following functions are exponential
functions?

a. y=3x+3 b y=x c. y=3"

2\* ,
d. y = (g) e. y=¢' f. y=x°

2. Determine if each of the following functions models
exponential growth or exponential decay.

a. y=20" b. y =371

C. y=4e™ d. y = 0.8%
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Graph exponential functions by plotting points or using a
calculator.

Graphs of Exponential Functions

Equation: y=0b ¥
x-intercept:  none y=b"%b>1 i y=b'b>1
y-intercept: (0,1)
Domain: all real numbers
Range: all real numbers y > 0
Horizontal
asymptote: X-axis
Shape: an increasing function if
b>1,y=54" > i
a decreasing function if

y=b"with0 < bh <1
orify = b withh > 1

3.

5.
6.

a. Graph the function f(x) = €' on the window
[—=5,5] by [—10,30].

b. Find f(1), f(—1), and f(4), rounded to three
decimal places.

¢. What is the horizontal asymptote of the graph?
d. What is the y-intercept?

a. Graph the function f(x) = 5" on the window
[-5,5] by [—10,30].

b. Find f(1),f(3),and f(—2).

¢. What is the horizontal asymptote of the graph?

d. What is the y-intercept?

Graph the function y = 3*on [ -5, 5] by [ 10, 30].
Graph y = S¢™on [—4,4] by [—1,20].

In Exercises 7-12, graph each function.

7.
9.
11.

y=5" 8. y=3"
y=3+5 10. y =2(15)™
y =302 —4 12, y =301 4+ 2
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Use transformations to match a graph with its equation.

Vertical shift g(x) = b* + k| Graph is shifted k units up if k is positive,
_ and |k| units down if k is negative.
Horizontal shift g(x) = b*™" | Graph is shifted |h| units right if h is
positive, and |h| units left if h is
negative.
Reflection across the x-axis | g(x) = —b* | Graph is reflected across the x-axis.
Reflection across the y-axis | g(x) = b™* Graph is reflected across the y-axis.
Vertical stretch/compress | g(x) = a*b" | Graph is vertically stretched if |a| > 1;
graph is vertically compressed if [a| < 1.
Horizontal stretch/ g(x) = b®* | Graph is horizontally stretched if |a| < 1;

compress

graph is horizontally compressed
if |a] > 1.

In Exercises [3-18, match the graph with its equation.

13, y = 4
14 y=2-4
15. y=4"+3
16. y =47

Al v
4
L]
10
6
. 2
-4 —3—t—- X
4 -2 2 |
-4
B. )
A
(U
v (BN S A R
~8 -6 -4 -2 2 4
10-
C. ¥
-4 -1 - 2 ) - =
4~
-0 A an P |
-4 =2 4& 2 4
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17. y = -4 E. y

18. y=4"2+4 F. y

Use transformations to graph exponential functions.

In Exercises 19-24, use your knowledge of transforma-
tions to compare the graph of the function with the graph
of f(x) =4 Then graph each function for
—4 =x=4.

19. y=4"+2 20. y = 4!
21. y=47* 22. y = -4
23, y = 3(4Y) 24. y=3-4""2 -3

In Exercises 27-34, use your knowledge of transforma-
tions to compare the graph of each function with the
graph of f(x) = €'. Then graph each function.

27. y=¢€3 28. y=¢"—4
1
29. y = Ee‘ 30. y = —¢"
3. y=e¢€™* 32, y=¢"4 |

3. y=¢" 34, y = I3k




Solve applications involving exponential functions.

Exponential Growth Models fn
Equation: y=a(b*),b>1,a>0,k>0
x-infercept: none

y-intercept: (0,a)

Domain: all real numbers

Range: all real numbers y = 0

Horizontal

asymptote: x-axis (the line y = 0) =
Shape: increasing on domain and concave up

Exponential Decay Models

Equation: y =4(b"),b> 1,a>0,k<0
or
y=aB*),0<b<1,a>0,k>0
x-intercept: none
y-intercept: (0,a)

Domain: all real numbers
Range: y>0
Horizontal

%

asymptote: x-axis (the line y = 0)
Shape: decreasing on domain and concave up

35.

37.

41.

a. Graph f(x) = 12¢ "% for -5 < x < 15.
b. Find £(10) and f(—10).

¢. Does this function represent growth or decay?

Sales Decay At the end of an advertising campaign,
weekly sales of smartphones declined according to
the equation y = 12,000 (27""**) dollars, where x is
the number of weeks after the end of the campaign.

a. Determine the sales at the end of the ad campaign.

b. Determine the sales 6 weeks after the end of the
campaign.

¢. Does this model indicate that sales will eventually
reach $0?

Continuous Compounding 1f $8000 is invested for ¢

years at 8% interest, compounded continuously, the

future value is given by S = 8000¢""™ dollars.

a. Graph this function for0 = ¢t = 15.

b. Use the graph to estimate when the future value
will be $20,000.

Radioactive Decay A breeder reactor converts stable
uranium-238 into the isotope plutonium-239. The
decay of this isotope is given by A(t) =
100e~000002876  \where A(f) is the amount of the
isotope at time ¢ (in years) and 100 grams is the
original amount.

a. How many grams remain after 100 years?
b. Graph this function for 0 = ¢ = 50,000.

¢. The half-life is the time it takes for half of the ini-
tial amount to decay: use graphical methods to
estimate the half-life of this isotope.
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50. Inflation An antique table increases in value accord-
ing to the function v(x) = 850(1.04") dollars,
where x is the number of years after 1990.

a. How much was the table worth in 19907

b. If the pattern indicated by the function remains
valid, what was the value of the table in 2005?

¢. Use atable or graph to estimate the year when this
table would reach double its 1990 value.

54. Drugs in the Bloodstream If a drug is injected into
the bloodstream, the percent of the maximum dosage
that is present at time 7 is given by

y = |00( e—().35(|l)-—r))
where 1 is in hours, with0 = ¢ = 10.
a. What percent of the drug is present after 2 hours?
b. Graph this function.

¢. When is the drug totally gone from the blood-
stream?

5.2 Logarithmic Functions; Properties of Logarithms

Learning Outcomes and Notes

Examples

Convert logarithmic expressions to exponential form.

Logarithmic Function
Forx > 0,6 > 0,and b # 1, the logarithmic function with base b is
v = log,x
which is defined by x = b”. That is, log,, x is the exponent to which we must raise

the base b to get the number x.
This function is the inverse function of the exponential function y = 5",

In Exercises 1-4, write the logarithmic equations in expo-
nential form.

1. v = logsx 2. 2y = logsx

3. y=In(2x) 4. y = log(—x)
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Natural Logarithms

The logarithmic function with base e is y = log, x, defined by x = ¢ for all
positive numbers x and denoted by

Inx = log, x

Convert exponential expressions to logarithmic form.

In Exercises 5=8, write the exponential equations in loga-
rithmic form.

5. x=4 6. m=3
7.32=2° 8. 9% =y

Evaluate logarithms.

Basic Properties of Logarithms
Forb = 0,b # 1,

1.
2.
- 8

4.
5.

log, b =1
log, 1 =0
log, b* = x
blog..t =5

For positive real numbers M and N, if M = N, then log, M = log,N.

Additional Logarithmic Properties
Forb > 0,b # 1, k a real number, and M and N positive real numbers,

6. log,(MN) = logaM + log, N (Product Property)
M

; log,,(ﬁ) = log,M — log,N (Quotient Property)

8. Iog,,M" = k logaM (Power Property)

In Exercises 9 and 10, evaluate the logarithms, if possi-
ble. Round each answer to three decimal places.

9. a. log7 10. a. log 456
b. In 86 b. log(—12)
¢. log 63,980 ¢. Inl0

In Exercises 11-13, find the value of the logarithms with-
out using a calculator.

11. a. log, 32 b. log, 81
c. logy 27 d. log, 64
e. log: 625
12. a. log, 64 b. logy 27
c. log, 2 d. In (&%)
e. log 100
13. a. 10g3% b. In |
¢. Ine d. log 0.0001
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In Exercises 23-26, use the properties of logarithms to
evaluate the expressions.

23. log 10" 24. In¢e’

25. 10%awi2 26. 6"
In Exercises 27-30, use log, (20) = 1.4406 and log,(5) =
0.7740 to evaluate each expression.

27. log, (100) 28. log, (4)
29. log, 5° 30. log, V20

Graph and analyze logarithmic functions.

Logarithmic Function

Equation: y = logy x
x-intercept: (1,0)
y-intercept: none
Domain: x>0
Range: all real numbers
Vertical
asymplote: y-axis (the line x = 0)
y y
A 4
y=log,x(b>1)
y=log,x(0<b<l)
0 1 > X : : %
: \ |
B -
(a) (b)

14. Graph the functions by changing to exponential form.
a. v = logyx b. y = logsx

In Exercises 15-18, graph the functions.

15. y=2Inx

16. y = 4logx

17. y=log(x +1) + 2

18. y=In(x—-2) -3
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Find and graph the inverse of exponential functions.

19.

Write the inverse of y = 4" in logarithmic form.

b. Graph y = 4" and its inverse and discuss the sym-
metry of their graphs.

20. a. Write the inverse of y = 3" in logarithmic form.

b. Graph y = 3" and its inverse and discuss the sym-
metry of their graphs.

Rewrite logarithmic expressions using properties of logarithms.

In Exercises 31-34, rewrite each expression as a sum, dif-

ference, or product of logarithms, and simplify if possible.

3x—2

x+
32. lc«g[.r"'(lr — 4]5]

Viax + 1 Vi3x — 1

33. log; - - 3M4. lo -
B3 4x? B3 Sx=

3. In

In Exercises 35-38, rewrite each expression as a single
logarithm.

35. 3log, x + log, v
1
36. logx — E]ﬂg_v

37. 4In(2a) — Inb
38. 6In(5y) + 2Inx
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Solve applications involving logarithms.

Richter Scale
1. If the intensity of an earthquake is /, its Richter scale measurement is
I
R = log A

2. If the Richter scale reading of an earthquake is £, its intensity is
1= 10,

3. If the difference of the Richter scale measurements of two earthquakes is the
positive number 4, the intensity of the larger earthquake is 107 times that of
the smaller earthquake.

39.

45.

Life Span On the basis of data and projections for
the years 1920 through 2050, the expected life span
of people in the United States can be described by
the function f(x) = 8.77 + 14.9 In x years, where
x is the number of years from 1900 to the person’s
birth year.

a. What does this model estimate the life span to the
nearest year to be for people born in 1925?

b. What does it predict the life span to the nearest
year to be for people born in 20457

¢. Explain why these numbers are so different.
(Source: National Center for Health Statistics)

Female Workers For the years 1970 to 2040, the per-
cent of females over 15 years old in the workforce is
given or projected by y = 27.4 + 5.02 In x, where x
is the number of years from 1960.

a. What does the model predict the percent to be in
20117 In 2015?

b. Is the percent of female workers increasing or
decreasing?

. Obesity The percent of Americans who are obese

from 1990 projected through 2030 can be modeled
by vy = —31.732 + 18.672 In x, with x equal to the
number of years after 1980.

a. Use the model to predict the percent of Americans
who will be obese in 2032.

b. Does this model predict that obesity will get better
or worse in the near future?
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49.

54.

61.

Doubling Time The number of quarters (a quarter
equals 3 months) needed to double an investment
when a lump sum is invested at 8%, compounded

L log 2
quarterly, is given by n = 0.0086" In how many
years will the investment double?
Earthquakes

a. If an earthquake has an intensity of 250,000 times
Iy, what is the magnitude of the earthquake?

b. Compare the magnitudes of two earthquakes when
the intensity of one is 10 times the intensity of the
other. (See Exercise 53.)

Japan Tsunami In May of 2008, an earthquake mea-
suring 6.8 on the Richter scale struck near the east
coast of Honshu, Japan. In March of 2011, an earth-
quake measuring 9.0 struck that same region, causing
a devastating tsunami that killed thousands of people.
The 2011 carthquake was how many times as intense
as the one in 2008?

Use the following information to answer the questions in
Exercises 62-67. To quantify the intensity of sound, the
decibel scale (named for Alexander Graham Bell) was
developed. The formula for loudness L on the decibel

1
scale is L = 10 log & where I, is the intensity of sound

0

Jjust below the threshold of hearing, which is approxi-
mately 107'® watt per square centimeter.

62. Decibel Scale Find the decibel reading for a sound

with intensity 20,000 times /.

63. Decibel Scale Compare the decibel readings of two

sounds if the intensity of the first sound is 100 times
the intensity of the second sound.
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64.

65.

Decibel Scale Use the exponential form of the func-
tion L = 10 log l—lo to find the intensity of a sound if
its decibel reading is 40.

Decibel Scale Use the exponential form of
L=10 logl—i to find the intensity of a sound if its

decibel reading is 140. (Sound at this level causes
pain.)

To answer the questions in Exercises 68-72, use the fact
that pH is given by the formula pH = —log[H" |.

68. pH Levels Find the pH value of beer for which

[H"] = 0.0000631.

69. pH Levels The pH value of eggs is 7.79. Find the

hydrogen-ion concentration for eggs.

70. pH Levels The most common solutions have a pH

range between 1 and 14. Use an exponential form of
the pH formula to find the values of [ H* ] associated
with these pH levels.
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5.3 Exponential and Logarithmic Equations

Learning Outcomes and Notes Examples

Solve exponential equations.

In Exercises 1-10, solve the equations algebraically and
Solving Exponential Equations Using check graphically. Round to three decimal places.
Logarithmic Forms

1. 1600 = 10* 2. 4600 = 10°
To sol tial ti ing logarithmic form:
o solve an exponential equation using logarithmic form 3. 2500 = ¢* A 546w
1. Rewrite the equation with the term containing the exponent by itself on one
elide: 5. 8900 = ¢ 6. 2400 = 10™
2. Divide both sides by the coefficient of the term containing the exponent. 7. 4000 = 200e™ 8. 5200 = 13¢'™

3. Change the new equation to logarithmic form.

9. B0OO0 = 500(10%) 10. 9000 = 400( 10%)
4. Solve for the variable.

Evaluate logarithms using the change of base formula.

Change-of-Base Formula

In Exercises 11-14, use a change-of-base formula to
Ifb>0,b# l,a>0,a # 1,and x > 0, then

evaluate each logarithm. Give your answers rounded to
logsx four decimal places.

log,a

log,x =
11. log 18 12. log; 215

13. logg V2 14. log, V10

In particular, for base 10 and base e,

log x Inx
| = d log,x = —
0g, X o an 0g, X l
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Solve logarithmic equations.

In Exercises 15=22, solve the equations.

15. 8 = 1024 16. 9° = 2187
17. 2(5*) = 31,250 18. 2(6™) = 2592
19. 5 2= 11.18 20. 34 = 1403

21. 18,000 = 30(2'*)  22. 5880 = 21(2%)
In Exercises 23-36, solve the logarithmic equations.
23. logyx =3 24, loggx = -2

25. 5+ 2Inx =8 26. 4 + 3logx =10
27. 5+ In(8) =23 — 2Inx

28. 3Inx + 8 = In(3x) + 12.18

29. 2logx — 2 = log(x — 25)

30. In(x—6) +4=Inx+3

31. logyx + log: 9 = 1

32. logox + loga(x — 6) = 4

33. logobx =log,5 + 3

34. logox =3 — log; 2x

35. log 3x + log 2x = log 150

36. In(x +2) + Inx = In(x + 12)

Solve exponential inequalities.

In Exercises 37-40, solve the inequalities.
37. 3* < 243 38. 7 = 2401
39. 5(2*) = 2560

40. 15(4") = 15,360
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Solve applications involving exponential and logarithmic equations.

Solving Exponential Equations Using
Logarithmic Properties

To solve an exponential equation using logarithmic properties:
1. Rewrite the equation with a base raised to a power on one side.
2. Take the logarithm, base e or 10, of both sides of the equation.

3. Use a logarithmic property to remove the variable from the exponent.

4. Solve for the variable.

47.

49.

51.

Super Bowl Ads A minute ad during Super Bowl
VII in 1973 cost $200,000. The price tag for a
30-second ad slot during the 2011 Super Bowl
was $3 million. The cost of a 30-second slot of
advertising for the Super Bowl can be modeled by
¥ = 0.0000966(1.101" ), where x is the number of
years after 1900 and y is the cost in millions.

a. According to the model, what was the cost of a
30-second Super Bowl ad in 2000?

b. The cost of a 30-second ad during Super Bowl XLIX
in 2015 was $4.5 million. Does the model under-
estimate or overestimate the cost of these ads?

Purchasing Power The purchasing power (real value
of money) decreases if inflation is present in the
economy. For example, the purchasing power of
$40,000 after r years of 5% inflation is given by the
model

P = 40.000¢™°%" dollars

How long will it take for the value of a $40,000 pen-
sion to have a purchasing power of $20,000 under
5% inflation?

(Source: Viewpoints, VALIC)

Real Estate Inflation During a 5-year period of con-
stant inflation, the value of a $100,000 property
increases according to the equation v = 100,000¢""¥
dollars. In how many years will the value of this
building be double its current value?
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54.

SS.

58.

62.

Radioactive Decay The amount of radioactive iso-
tope thorium-234 present in a certain sample at time ¢
is given by A(t) = 500¢7 93 grams, where t
years is the time since the initial amount was mea-
sured. How long will it take for the amount of isotope
to equal 318 grams?

Drugs in the Bloodstream The concentration of a
drug in the bloodstream from the time the drug is
injected until 8 hours later is given by

y = 100(1 — ¢ %31263=1) percent, t in hours,

where the drug is administered at time ¢+ = 0. In how
many hours will the drug concentration be 79% of
the initial dose?
Radioactive Decay A breeder reactor converts stable
uranium-238 into the isotope plutonium-239. The
decay of this isotope is given by A(¢) =
Aye 0000028761 \where A(t) is the amount of the iso-
tope at time 7 (in years) and A, is the original amount.
If the original amount is 100 pounds, find the half-
life of this isotope.

Doubling Time The future value of a lump sum P
that is invested for n years at 10%, compounded
annually, is S = P(1.10)". Show that the number of
years it would take for this investment to double is
n = l0g|_|0 Z
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5.4 Exponential and Logarithmic Models

Learning Outcomes and Notes

Examples

Find a function that models given data.

Constant Percent Changes

If the percent change of the outputs of a set of data is constant for equally spaced
inputs, an exponential function will be a perfect fit for the data.

If the percent change of the outputs is approximately constant for equally
spaced inputs, an exponential function will be an approximate fit for the data.

1. Find the exponential function that models the data in
the table below.

x| -2|-1/0|1]|2|3]|4]|5
y | 2/9 |2/3|2|6|18|54 162486

5. Find the exponential function that is the best fit for
f(x) defined by the table in Exercise 2.

6. Find the exponential function that is the best fit for
h(x) defined by the table in Exercise 4.

8. Find the exponential function that models the data in
the table below. Round the model with three-decimal-
place accuracy.

]

1 2 3
1000 | 4000 A 20,000

=g
5

e |
30

0
150

X

y
13. a. Make a scatter plot of the data in the table below.

b. Does it appear that a linear model or a logarithmic
model is the better fit for the data?

1 3
= 1

X

| ¥

A2
3|45

]
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Determine whether a function is perfectly, approximately, or not
exponential.

2. The following table has input x and output f(x).
Test the percent change of the outputs to determine if
the function is exactly exponential, approximately
exponential, or not exponential.

= 1]2]3 R 5 6
f(x)| 4|16 | 64 256 1024 | 4096

3. The following table has input x and output g(x). Test
the percent change of the outputs to determine if the
function is exactly exponential, approximately expo-
nential, or not exponential.

x |1]2]|3[4]|5]6
gx) |25|6|85[10 8

4. The following table has input x and output A(x). Test
the percent change of the outputs to determine if the
function is exactly exponential, approximately expo-
nential, or not exponential.

x |1 2[3]a]s]es
h(x) | 15|225 (38| 5 |11 |17

Determine the best model for given data.

7. a. Make a scatter plot of the data in the table below.

b. Does it appear that a linear model or an exponen-
tial model is the better fit for the data?

X 1 2 | 3 4 5 6
y 2 |31 | #3 | 34| ‘65 1.6
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Exponential Model

If a set of data has initial value @ and a constant percent change r (written as a

decimal) for equally spaced inputs x, the data can be modeled by the exponential
function

v=a(l +r)*
for exponential growth and by the exponential function
y=a(l -r)"

for exponential decay.

9. Compare the first differences and the percent change
of the outputs to determine if the data in the table
below should be modeled by a linear or an exponen-
tial function.

x |1 21345
y 12| 6143 a

15. a Make a scatter plot of the data in the table below.

b. Find a power function that models the data. Round
to three decimal places.

¢. Find a quadratic function that models the data.
Round to three decimal places.

d. Find a logarithmic function that models the data.
Round to three decimal places.

1| 2

35 | 55

3
6.8

4 |5 6
72 | 8

y

16. Let y = f(x) represent the power model found in
Exercise 15(b), v = g(x) represent the quadratic
model found in Exercise 15(c), and y = h(x) repre-
sent the logarithmic model found in Exercise 15(d).
Graph each function on the same axes as the scatter
plot, using the window [0, 12] by [0, 15]. Which
model appears to be the best fit?
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Solve applications involving exponential and logarithmic models.

Use the exponential form y = a(1 + r)* to model the
information in Exercises 17-20.

17.

18.

21.

Inflation Suppose that the retail price of an automobile
is $30,000 in 2000 and that it increases at 4% per year.

a. Write the equation of the exponential function that
models the retail price of the automobile ¢ years
after 2000.

b. Use the model to predict the retail price of the
automobile in 2015.

Population Suppose that the population of a city is
190,000 in 2000 and that it grows at 3% per year.

a. Write the equation of the exponential function that
models the annual growth.

b. Use the model to find the population of this city in
2010.

Personal Income The table shows the total personal
income in the United States (in billions of dollars) for
selected years from 1960 and projected to 2024.

a. Find the best-fitting exponential function that will
model the data, with x equal to the number of
years after 1960 and y in billions of dollars. Report
the model with four significant digits.

b. If the model is valid in 2030, what is the projected
total personal income then?
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35. Fuel Economy The lifetime gasoline use of light-
duty vehicles is a function of the fuel economy, as
shown in the figure below.,

Lifetime gasoline use (gallons)

a. Should the data be modeled by an exponential
growth or an exponential decay function?

b. Find an exponential function to model the data.

22,500
20,000 4
17,500 -
15,000
12,500 -
10,000 +
7500 4
5000
2500 4

Light-Duty Vehicle Fuel Consumption

(10.21,002)
(Lamborghini Murcielago)

(20, 10,501)
Avg. It truck)

(45, 4667)

25, .
raniap (Toyota Prius)

(Avg, car)

(90.2334) (120, 1750)

(70, 3000)

0

10 20 30 40 SO 60 70 80 90 100 110 120
Fuel economy (mpg)

(Source: U.S. Department of Energy, Energy Efficiency, and
Renewable Energy)

¢. Find a power function to model the data.
d. Which function is the better fit to the data?

e. If a vehicle had a fuel economy of 100 mpg, what
would its lifetime gasoline use be, according to
the power model?
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Answer questions involving exponential growth models.

29. Rate of Growth of Population The table gives the
annual rates of growth of the U.S. population for
selected years from 1970 projected to 2049.

a. Find a logarithmic function that models the rate, y,
as a function of the number of years after 1960.

b. Find an exponential function that models the rate,
¥, as a function of the number of years after 1960.

¢. Graph each model on the same axes with the data
to determine which model is the better fit to the

data.
Annual
Year  Growth Rate

1970 | 207
1980 | 1.69
1990 | 156
2000 | 125
2010 | 110
2020 | 0.90
2030 | 0.76
2040 0.62
2049 | 0.46
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38. Decomposition of Chlorine in a Pool Under certain
water conditions, the free chlorine in a swimming
pool decomposes according to the equation
C(t) = Cge". Initially, the amount of free chlorine
in a pool was 2.8 parts per million (ppm). Eighteen
hours later, the amount was 2.1 ppm.

a. What is the rate of decay of the amount of free
chlorine in the pool?

b. When the chlorine level reaches 1.0 ppm, the pool
must be shocked. How long will it be before the
pool must be shocked?

5.6 Annuities; Loan Repayment

Learning Outcomes and Notes

Examples

Solve annuity equations for specific variables.

1. Solve § = P(1 + i)" for P with positive exponent ».

2. Solve S = P(1 + i)" for P, with no denominator.

3. Solve 4i = R[1 — (1 + i)™] for A.

1—(1+i)™
5. Solved = R = for R.
i

Find the future value of an ordinary annuity.

Future Value of an Ordinary Annuity

If R dollars are contributed at the end of each period for n periods into an
annuity that pays interest at rate i at the end of the period, the future value of the

annuity is
(L +1)—1
S=R ——— dollars

7. IRA Anne Wright decides to invest $4000 in an IRA
CD at the end of each year for 10 years. If she makes
these payments and the certificates all pay 6%, com-
pounded annually, how much will she have at the end
of the 10 years?

8. Future Value Find the future value of an annuity of
$5000 paid at the end of each year for 20 years, if
interest is earned at 9%, compounded annually.
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10.

11

12.

Future Value Find the future value of an annuity of
$2600 paid at the end of each 3-month period for
5 years, if interest is earned at 6%, compounded

quarterly.

Retirement Mr. Lawrence invests $600 at the end of
each month in an account that pays 7%, compounded
monthly. How much will be in the account in 25 years?

Down Payment To accumulate money for the down
payment on a house, the Kings deposit S800 at the
end of each month into an account paying 7%, com-
pounded monthly. How much will they have at the
end of 5 years?

Find the present value of an ordinary annuity.

Present Value of an Ordinary Annuity

If a payment of R dollars is to be made at the end of each period for n periods from
an account that earns interest at a rate of i per period, then the account is an

ordinary annuity, and the present value is
| = (i)
i R(#)

1

4. Evaluate 2{}[}0(

1-(1+ n‘m}'““)
0.01

0.01
6. Evaluate 24{],{100( )

15.

16.

1 — (1 +0.01)71%

Annuities Find the present value of an annuity that
will pay $1000 at the end of each year for 10 years if
the interest rate 1s 7%, compounded annually.

Annuities Find the present value of an annuity that
will pay $500 at the end of each year for 20 years if
the interest rate is 9%, compounded annually.

54




Find the payments needed to amortize a loan.

Amortization Formula

If a debt of 4 dollars, with interest at a rate of i per period, is amortized by n equal
periodic payments made at the end of each period, then the size of each payment is

S )

26.

Loan Repayment A loan of $36,000 is to be amortized
with monthly payments over 6 years. If the interest on
the loan is 6% per year, paid on the unpaid balance,

a. What is the interest rate charged each month on
the unpaid balance?

b. How many payments are made to repay the loan?

¢. What payment is required each month to amortize
the loan?

Solve applications involving annuities and loan repayments.

21.

Business Sale A man can sell his Thrifty Electronics
business for $800,000 cash or for $100,000 plus
$122,000 at the end of each year for 9 years.

a. Find the present value of the annuity that is offered
if money is worth 10%, compounded annually.

b. If he takes the $800,000, spends $100,000 of it,
and invests the rest in a 9-year annuity at 10%,
compounded annually, what size annuity payment
will he receive at the end of each year?

¢. Which is better, taking the $100,000 and the annu-
ity or taking the cash settlement? Discuss the
advantages of your choice.

24. Auto Loan A man wants to buy a car and can afford

to pay $400 per month.

a. If he can get a loan for 48 months with interest
at 12% per year on the unpaid balance and
make monthly payments, how much can he pay
for a car?

b. What is the total amount paid over the life of the
loan?

¢. What is the total interest paid on the loan?
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